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i) Supplementary details of sample entropy calculations 

 

Sample entropy, SampEn, is a useful statistical measure for analysing the dynamics of non-

stationary time series. Sample entropy is defined as the negative natural logarithm of an 

estimate of the conditional probability (CP) that, within the time series, a sequence of length 

m-1 that matches elsewhere in the series will also match pointwise at the next point, within a 

tolerance, r. 

𝑆𝑎𝑚𝑝𝐸𝑛(𝑚, 𝑟) =  −ln(𝐶𝑃) 

Where m is the template size and r is the tolerance. 

 

Conditional probability is the probability of one event occurring given that a separate event 

has already occurred. For example consider rolling two dice. The probability of rolling a total 

of 12, (Outcome �́�), is 1/36. However if the dice are rolled separately and one of the dice 

lands on a 6 (Outcome �́�), the probability of outcome �́� changes: it is now 1/6. The general 

rule for this is: 

𝑃��́���́�� =  
𝑃 (�́� ∩ �́�)
𝑃 (�́�)

 

Where 𝑃 ��́� ∩ �́�� is the joint probability of �́� and �́� occurring, and 𝑃��́���́�� is the conditional 

probability of �́� given �́� has already occurred. 

For sample entropy, event A is that a sequence of length m, will match pointwise within 

tolerance r and event B is that a sequence of length m-1 will match pointwise within r. So: 

𝐶𝑃 = 𝑃 (𝐴|𝐵) =  
𝑃 (𝐴 ∩ 𝐵)
𝑃 (𝐵)

 

 Now any sequence that matches for m points, will also match for m-1 points, so we can say A 

∈ B, (meaning event A is a subset of event B). From set theory P(A ∩ B) can be reduced to 

just P(A), So: 



𝐶𝑃 =  
𝑃(𝐴)
𝑃(𝐵)

 

Now the exact probability of A or B cannot be known with full certainty, so an estimate of 

these numbers must be used. These will respectively be referred to as Am and Bm-1. These 

approximations can be made by counting the number of times the sequences of length m or 

m-1 match, divided by the number possibilities where they could match. 

 

Figure E1 shows a non-stationary time series u[i] for i=1 to 61. From this figure it can be 

seen how a three-component template (u[1-3] or the solid black, green and red points) can be 

matched to subsequent templates (u[20-22]; and u[49-51]). 

 

This simulated time series contains many three-component sequences, but u[1-3] has been 

chosen for the purpose of demonstration. Let us call r1 the number of single values that 

match any of points u[1], u[2] or u[3], r2 the number of consecutive values or double runs 

that match pointwise either u[1-2] or u[2-3], and r3 the number of triple runs (3 points in a 

row) that match pointwise for u[1-3]. There are 7 matches of run length 1 (u[5], [8], [10], 

[23], [24], [42] and [43]), 1 of length 2 (u[20, 21]) and 2 template matches of length 3 (u[20-

22] and [49-51])  that need to be added to the corresponding counts, r1, r2 and r3. A special 

case is needed when a run ends at the last point in the data, where the Am counters are 

incremented but the Bm-1 counters are not. This process is repeated for N-k+1 sequences of all 

sizes from k = 1 to k = N-1, where k is the sequence length or run length, and N is the length 

of the entire time series. Let us suppose that all other templates of all sizes return no single, 

double or triple run matches or any other run match of any size, and therefore offer no further 

contribution to r1, r2, and r3. (Although from inspection, such a supposition is clearly not the 

case.) r1=8, r2 =1 and r3=2. However, each triple run match contains 3 individual matches 

and 2 double matches that are not accounted for since they are not an isolated run. For 



example, within the triple run match u[49-51], u[49,50] matches u[1,2] and u[50,51] matches 

u[2,3]. To account for this a new counter, M, is introduced such that: 

𝑀1 = 𝑟1 +  2𝑟2 +  3𝑟3 + ⋯+ (𝑁 − 1)𝑟𝑁 

𝑀2 = 𝑟2 +  2𝑟3 +  3𝑟4 + ⋯+ (𝑁 − 2)𝑟𝑁 

𝑀𝑘 = 𝑟𝑘 +  2𝑟𝑘+1 +  3𝑟𝑘+2 + ⋯+ (𝑁 − 𝑘)𝑟𝑁 

 

Now, Mk contains the number complete matches (not just the number of runs) of size k, in the 

entire time series. Where we had r1=8, r2 =1 and r3=2; we can calculate M1=16, M2=3, 

M3=2, assuming there are no matches for runs longer than k=3. If every single point matched 

there would be (𝑁−𝑘)(𝑁−𝑘+1)
2

 matches. This is the maximum of Mk and the number of times 

the entropy algorithm checks the data series for a match of size k. We can therefore use this 

to estimate the probability of finding a match of size m since the probability of an outcome is 

defined as 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑓𝑢𝑙 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑖𝑎𝑙𝑠

 as the number of trials tends to infinity. Hence for a 

large time series this will be a good approximation. 

The probability of a match of size k is: 

𝐴𝑘 =  
2 𝑀𝑘

(𝑁 − 𝑘)(𝑁 − 𝑘 + 1)
 

 

and likewise   

𝐵𝑘−1 =  
2 𝑀𝑘−1

(𝑁 − [𝑘 − 1])(𝑁 − 𝑘 + 1)
 

CP was defined earlier as the ratio 𝐴𝑚
𝐵𝑚−1

, which will have a few common factors that cancel 

out, thus: 

𝐶𝑃 = 𝑃(𝑘=𝑚|𝑘=𝑚−1)  =  
𝐴𝑚
𝐵𝑚−1

=

2 𝑀𝑘
(𝑁 − 𝑘)(𝑁 − 𝑘 + 1)

2 𝑀𝑘−1
(𝑁 − [𝑘 − 1])(𝑁 −𝑚 + 1)

=
𝑀𝑚(𝑁 −𝑚 + 1)
𝑀𝑚−1(𝑁 −𝑚)

  



 

In our example, template size, m=3; so k=1, 2, 3; N=61; r=0.01; M1=16, M2=3, M3=2: 

𝐴3 =
2 × 2 

(61 − 3)(61 − 3 + 1)
=

4
58 × 59

= 0.0012 

𝐵2 =
2 × 3 

(61 − 2)(61 − 3 + 1)
=

6
59 × 59

= 0.0017 

 

so  

𝐶𝑃 = 𝑃(𝑘=3|𝑘=2)  =  
𝐴3
𝐵2

= 0.6782 

and  

𝑆𝑎𝑚𝑝𝐸𝑛(𝑚 = 3, 𝑟 = 0.01) =  − ln(𝐶𝑃) =  − ln(0.6782) =  0.3884 

 

 

Selection of the optimal template size (m) and tolerance (r) was performed with the aim of 

maximising the distinction between control and asthma groups, as follows: 

Typically, r is between 15-30% of standard deviation (σ). Sample entropy calculations were 

made using all template sizes from 2-5 and tolerance sizes from 0.1 to 0.5 with increments of 

0.1, as shown in Figure E2. 

 

As can be seen from the figure, all template sizes and tolerances produce data such that µas > 

µco, but the difference between them is greatest for the dark red regions of the graph, 

noticeably at r=0.3, m=3. There is a greater distinction between the two groups at these 

values than at, for example, r=0.2, m=2. 

 



In order to determine the behaviour of the SampEn algorithm with respect to other periodic 

functions, the sample entropy of the sine function at different amplitudes, frequencies and 

sample frequencies was calculated using two combinations of tolerance and template size, as 

shown in Figure E3. On these heat maps, sinusoid amplitude is shown on the y axis while the 

ratio of sinusoid frequency to sampling frequency is shown on the x axis. The vertical streaks 

occur where the number of points per cycle is almost integer, which shows how dependent 

sample entropy is on symmetry. Adding noise to the data would remove these streaks.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ii) Supplementary data tables 

 

Table E1: Post-bronchodilator impedance measurements of asthma patients who had 

infrequent (< 2 / year) and frequent (≥ 2 / year) exacerbations 

 
Impedance parameter 

 

Patients with 
infrequent 

exacerbations 
(n = 25) 

 

Patients with 
frequent 

exacerbations 
(n = 41) 

p value 

R5-R20 (kPaL-1s) 
 
 

0.070 (0.050 – 0.145) 0.120 (0.055 – 0.185) 0.149 

SampEn of R5-R20 
 
 

0.033 (0.004 – 0.078) 0.064 (0.014 – 0.155) 0.088 

AX 
(kPaL-1) 

 

0.520 (0.315 – 1.405) 1.020 (0.530 – 2.325) 0.058 

SampEn of AX 
 
 

0.659 (0.539 – 1.120) 1.076 (0.769 – 1.316) 0.059 

R20 
(kPaL-1s) 

 

0.310 (0.265 – 0.390) 0.380 (0.335 – 0.465) 0.015 

SampEn of R20 
 
 

0.036 (0.019 – 0.088) 0.107 (0.029 – 0.223) 0.017 

 

SampEn = sample entropy; R5-R20 = resistance at 5 Hz minus resistance at 20 Hz; AX = reactance 

area; R20 = resistance at 20 Hz. 

Data expressed as median (interquartile range). Groups compared using Mann-Whitney U test. 

Statistically significant p values (< 0.05) are highlighted. 

 

 

 

 

 

 



Table E2: Correlation between impedance and impedance entropy parameters in 

patients with asthma 

 R5-R20 AX R20 SampEn of 
R5-R20 

 

SampEn of 
AX 

 

SampEn of 
R20 

R5-R20 
 
 

1.000      

AX 
 
 

.899 1.000     

R20 
 
 

.569 .674 1.000    

SampEn of 
R5-R20 

 

.788 .806 .718 1.000   

SampEn of 
AX 

 

.691 .790 .600 .795 1.000  

SampEn of 
R20 

 

.588 .614 .717 .793 .622 1.000 

 

R5-R20 = resistance at 5 Hz minus resistance at 20 Hz; AX = reactance area; R20 = resistance at 20 

Hz; SampEn = sample entropy. 

Correlation calculated using Spearman’s rho. 

All correlations were statistically significant (p < 0.01). 

 

 

 

 

 

 

 

 



Table E3: Principal components analysis of variables associated with the frequent 

exacerbation phenotype  

Variable Component 1  
 

Component 2 

R5-R20 .847 .331 

AX .881 .250 

R20 .705 .355 

SampEn of R5-R20 .822 .279 

SampEn of AX .805 -.075 

SampEn of R20 .483 .630 

ACQ score .122 .734 

BMI .108 .750 

 

R5-R20 = resistance at 5 Hz minus resistance at 20 Hz; AX = reactance area; R20 = resistance at 20 

Hz; SampEn = sample entropy; ACQ = Asthma Control Questionnaire; BMI = body mass index. 

Loading scores of each variable onto each component are shown. Variables that load strongly (loading 

score > |0.7|) onto each factor are highlighted. 

 

 

 

 

 

 

 

 

 

 



Table E4: Comparison of logistic regression models to predict the frequent exacerbation 

phenotype 

Impedance parameter p value for impedance 
parameter within the model 

 

Percentage of patients 
correctly classified by model 

 
R5-R20 0.054 69.2 

AX 0.099 64.6 

R20 0.042 69.2 

SampEn of R5-R20 0.016 74.2 

SampEn of AX 0.009 66.1 

SampEn of R20 0.100 67.7 

 

Logistic regression models were constructed with the dependent variable being the absence (baseline) 

or occurrence of ≥ 2 exacerbations in the previous year. The models incorporated sex, body mass 

index, Asthma Control Questionnaire score and one of the impedance parameters listed above as 

independent variables. Statistically significant p values (< 0.05) are highlighted. 

 

 

 

 

 

 

 

 

 

 

 

 



Figure legends 

 

Figure E1: Sample Entropy analysis of a simulated time series 

See text for explanation. 

 

Figure E2: Determination of optimal template size and tolerance for the calculation of 

sample entropy 

Sample Entropy calculations were made using all template sizes from 2-5 and tolerance sizes 

from 0.1 to 0.5 with increments of 0.1. All template sizes and tolerances produce data such 

that the mean value for asthma (µas) > mean value for controls (µco), but the difference 

between them is greatest for the dark red regions of the graph, noticeably at r=0.3, m=3. 

There is a greater distinction between the two groups at these values than at, for example, 

r=0.2, m=2. Data is normalised for the standard deviation (σ) of controls. 

 

Figure E3: Sample entropy of the sine function 

The sample entropy of the sine function at different amplitudes, frequencies and sample 

frequencies is displayed using two combinations of tolerance and template size. In panel A, a 

tolerance of 0.2 and template size of 3 is used, and in panel B, a tolerance of 0.3 and a 

template size of 2. Sinusoid amplitude is shown on the y axis while the ratio of sinusoid 

frequency to sampling frequency is shown on the x axis.  

 

Figure E4: Correlations between impedance and Sample Entropy of impedance 

measurements in patients with asthma 

Panels A and B show the linear relationship between R20 and R5-R20, and the respective 

Sample Entropy values (Spearman’s rho = 0.717 and 0.788 respectively). 



Panels C and D show the linear relationship between loge(AX) and Sample Entropy of AX. 


